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Fluctuations in a Fluid Under a
Stationary Heat Flux
I1. Slow Part of the Correlation Matrix
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The general formulas, derived in a previous paper, are used to calculate the
correlation functions of the hydrodynamic variables in the Rayleigh-Bénard
system. The behavior of the correlation functions on a time scale slow compared
to that of sound propagation is determined, using systematically nonequilibrium
hydrodynamic eigenmodes. These (slow) eigenmodes of the linearized
Boussinesq equations in the presence of gravity and a temperature gradient are
the viscous and the visco-heat modes. They are determined for ideal heat-con-
ducting plates with stick boundary conditions. The visco-heat modes are found
to behave qualitatively different from those obtained with slip boundary con-
ditions. Using these eigenmodes, the slow part of the correlation functions can
be determined explicitly. On a small length scale, as probed by light scattering,
we recover the same expression for the Rayleigh line as quoted in the literature.
On larger length scales, as probed by microwaves, the coupling of gravity to the
temperature gradient gives rise to a convective instability (heating form below)
or to propagating visco-heat modes (heating from above). The corresponding
correlation functions and the Rayleigh line are calculated and discussed.

KEY WORDS: Rayleigh-Bénard system; fluctuations; correlation functions;
viscous mode; visco-heat modes; Rayleigh number; convective instability;
propagating modes; light scattering; microwave scattering; Rayleigh line.

1. INTRODUCTION

In a preceding paper'! (hereafter referred to as I) we have derived the basic
formulas for a unified treatment of the correlation functions of the
hydrodynamic variables in a Rayleigh-Bénard system, i.e., a fluid between
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two horizontal plates which is exposed to a stationary heat flux in the
presence of a gravity field. We have shown that in the nonequilibrium
stationary state the hydrodynamic fluctuations evolve on a slow and a fast
time scale that are widely separated. In this paper we will investigate in
more detail the fluctuations on the slow time scale. We will discuss in par-
ticular the slow part of the hydrodynamic correlation matrix which follows
from the full hydrodynamic correlation matrix by averaging over times that
are large on the fast time scale, but small on the slow time scale. As we
have pointed out in I, Section8, it i3 only the slow nonequilibrium
hydrodynamic modes, ie., the viscous and the visco-heat modes, that con-
tribute to the slow part of the correlation matrix; the contribution from the
fast hydrodynamic modes, ie., the sound modes, average to zero on the
slow time scale.

Our results for the slow part of the correlation matrix allow us to treat
the following two problems as special applications: the Rayleigh line in a
light-scattering experiment and the singular behavior of the correlation
functions near the convective instability.

In a light-scattering experiment one measures in principle the Fourier
transform of the density—density correlation function.® The light-scattering
spectrum consists of three, well-separated lines: a Rayleigh line and two
Brillouin lines. It is only the Rayleigh line that is generated by the slow
part of the density—density correlation function. The Rayleigh line has a
Lorentzian shape when the fluid is in thermal equilibrium.

For a fluid exposed to a stationary heat flux Roniseral™ and
Kirkpatrick et al.®) have shown that to first order in the temperature
gradient the Rayleigh line is unaffected. Kirkpatrick, one of us (E.G.D.C.),
and Dorfman‘® have also computed the Rayleigh line for large temperature
gradients applying kinetic theory, as well as mode-coupling theory. In
addition to an equilibriumlike Lorentzian part it has been found that there
is also a non-Lorentzian contribution to the line, owing to mode-coupling
effects, which is of second order in the temperature gradient. The total
intensity of the Rayleigh line has a part that is inversely proportional to the
fourth power of the wave vector. This behavior implies long-range den-
sity—density correlations at equal times in real space that are absent in
equilibrium. For a special scattering geometry, Ronis and Procaccia‘”’ have
confirmed these results by using fluctuating hydrodynamics. The
equivalence of the kinetic, the mode-coupling, and the fluctuating
hydrodynamics approach has been shown in I. Since the spatial distances
probed in a normal light-scattering experiment are small one can neglect
the gravity field and boundary effects, as has been done in Refs. 6 and 7.

Gravity does play an important role near the convective instability,
however. In fact, for a fluid heated from below, it is the coupling of the
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temperature gradient and the buoyancy force that causes the convective
instability.’® The onset of the instability and the quantitative details of the
correlation functions near the instability depend much on the boundary
conditions employed on the horizontal plates. Without specifying the boun-
dary conditions, Zaitsev and Shliomis®® have been able to describe the
singular behavior of the temperature—temperature correlation function near
the instability qualitatively from fluctuating hydrodynamics. More explicit
results for the density—density correlation function near the instability have
been obtained by Kirkpatrick and one of us (E.G.D.C.)" in the
framework of kinetic theory. In that work it was assumed that the plates
are ideal heat-conducting and—for the sake of mathematical sim-
plicity—that the fluid obeys slip boundary conditions on the plates.

In this paper we include the gravity field systematically in the com-
putation of the correlation matrix, and we use the physically more realistic,
though mathematically more complicated, stick boundary conditions.
Whether gravity can be neglected or not turns out to depend on the dis-
tance between the two points in which the correlation functions are com-
puted. We show that there is a certain characteristic length below which
gravity is negligible and rederive in this way the result for the Rayleigh line
reported before.’®”) For distances larger than.the characteristic length,
however, gravity must be taken into account, regardless of whether one is
close to the instability or not.

The coupling of the gravity field to the temperature gradient can not
only cause the convective instability, but, in the case the fluid is heated
from above, also the propagation of some of the visco-heat modes.® If a
light-scattering experiment were performed to measure these effects on the
correlation functions, the wave vector would have to be small enough to
probe the large length scale involved. For an incident laser beam with a
wavelength in the regime of normal light this would require an extremely
small scattering angle.®’ A way to avoid this experimental difficulty could
be the reduction of the frequency of the incident beam by scattering
microwaves. In spite of the technical problems to overcome in microwave
scattering, we do compute the Rayleigh line for these very small wave vec-
tors numerically for a few examples, taking also into account explicitly the
boundary conditions.

Our calculation of the slow part of the correlation matrix is based on
the explicit solution of the eigenvalue problems for the slow nonequilibrium
hydrodynamic modes, which are the eigenmodes of the linearized
Boussinesq equations,® for ideal heat-conducting plates with stick boun-
dary conditions. While the viscous modes are trivial to compute and do not
crucially depend on the boundary conditions we find that the behavior of
the eigenvalues of the visco-heat modes, considered as functions of the tem-
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perature gradient, are qualitatively different from the results obtained by
employing slip boundary conditions. A few graphs will illustrate the more
complicated behavior.

The plan of II is as follows: In Section 2 we summarize the basic
equations derived in I, as they are relevant for the computation of the slow
part of the correlation matrix. Then, in Section 3, we evaluate the slow part
of the correlation matrix for points which are far away from the boun-
daries, so that boundary conditions can be neglected. In particular, we
compute explicitly the long-range mode-coupling contribution to the equal-
time correlation matrix for distances in the regime probed in normal light-
scattering experiments. In Section 4 we describe how the slow modes are
computed for ideal heat-conducting plates with stick boundary conditions.
In particular, the behavior of the visco-heat modes is then discussed in Sec-
tion 5. In Section 6 we apply the methods developed in Section 4 to com-
pute the asymptotic behavior of the correlation matrix near the convective
instability in a mean field theory. Finally, we present in Section 7 the
results for the dynamic structure factor for the Rayleigh line. We will end
this paper with a discussion and four short Appendices which provide some
auxiliary results used in the main text, and illustrate some more formal
statements by examples.

In the following paper III we will compute the fast part of the
correlation matrix and the Brillouin lines of the light-scattering spectrum,
thus completing our treatment of the properties of a fluid under a
stationary heat flux by means of nonequilibrium eigenmodes.

2. BASIC EQUATIONS

As in T we consider a simple fluid in a gravity field g= —ge, between
two horizontal, infinite plates, located at z= —d/2 and z= +d/2, which
have uniform temperatures 7, and 7,, respectively. We assume that the
fluid has reached a nonconvective stationary state. The macroscopic fields,
i.e., the pressure p, the temperature 7, and the flow velocity u, follow then
from the nonlinear equations

dj

P ep=0 (2.1a)
dz

d . dT

— A= 2.1b
dz/l dz ( )

u=0 21¢)
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with the boundary conditions p(d/2)= p,, T(—d/2)=T, and T(d/2)=1T,,
where p, is the outside pressure. In (2.1), p=p(p, T) is the mass density
and A= A(p, T) is the thermal conductivity.

We want to study the thermal fluctuations

op
da=| 6T (2.2)
\ du

around a given steady state solution a=(p, T, u) with p= p(z), T=T(z)
and u=0. In particular, we are interested in the correlation matrix

M(rl’tl;r2712)=<5a(r1atl)5a(r2at2)>ss (23)

where the average is taken over the nonequilibrium steady state. In I we
have shown how M(r,, ¢,;r,,¢,) can be computed from fluctuating
hydrodynamics for all distances |r, —r,| and time intervals |z, —¢,| of
hydrodynamic order with the restriction that |z; —z,| does not exceed a
length /, which is chosen such that the spatial variation of the average
quantities can be neglected within a fluid layer of height /,. This means that
I, must be small on the macroscopic length scale Ly~ [(1/a)(da/dz)]~*
where a(z) =a(p(z), T(z)) stands for the average quantity which varies
most with position.

We recall from I that the correlation matrix can be expressed in terms
of the nonequilibrium hydrodynamic modes, i.e., the normal modes of the
hydrodynamic operator which is obtained by linearizing the hydrodynamic
equations around the steady state solution. From the properties of these
modes follows that the behavior of M(r,, #,;r,, ¢,) as function of r=1¢, — 1,
can be described on two widely separated time scales. In this paper we will
be concerned with a detailed discussion of the temporal behavior of the
correlation matrix on the slow time scale. We will denote by
MED(x, ¢,:r,, t,) the slow part of M(r,, t,;T,, £,), i.c., the matrix obtained
from M by averaging over times ¢, — ¢, which are large on the fast time
scale, but small on the slow one. On the slow time scale the contributions
from the fast hydrodynamic modes, ie., the sound modes, to M are
averaged to zero, so that only the slow modes, namely, the viscous and the
visco-heat modes, contribute to M®!,

In (L7.1)° we have derived the cigenvalue equations for the viscous

* Equation numbers preceded by “I” are those from paper I (Ref, 1).

822/40/3-4-5
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modes (to be denoted by the index v) for a given horizontal wavevector
ky(k,, k)
V@éfk”n(Z) = Sv,k”n éfk‘in(z) (24)

where v is the kinematic viscosity [cf. (1.5.14)] and @ =k{—d*/dz>.
Furthermore » is a discrete index to count the different modes. The eigen-
values s, ,,, and right-eigenfunctions £f ,(z)=(Vxuy, ) e. is the z com-
ponent of the vorticity. The left-eigenfunction va,an(Z) obeys the same

equation (2.4) and the normalization is given by Eq. (1.7.8a):
2

dj2
f coer g Ki_g (2.5)
—an

vk = v kym (27[)2 nm

The visco-heat modes (to be denoted by the index 4) obey the coupled
eigenvalue equations (1.7.4):

dT
D —
r dz | (TF.(2)\ T5nl2) 26
0f(2)) D08, (2) 0
— gk ﬁ V9?2 Ak Akyn

where « is the thermal expansion coefficient and Dy is the thermal dif-
fusivity [cf. (1.5.14)]. The components of the right eigenvector (77, . uﬁk””)
are the temperature and the z component of the transversal part of the flow
velocity, respectively. The left eigenvectors (Tiknn’ Ufik‘w) follow from the
adjoint eigenvalue problem of (2.6) in the scalar product to be defined in
(2.7) below. We derive the left eigenvalue equations in Appendix A. The
normalization is [cf. (1.7.8b)]

[ { otz 08 o L P @i e N L )
_ap Adeyn Y A keym kﬁ dz dz Aoy A kym “(27[)2 nm .

In (2.4) and (2.6) the values of the steady state quantities «, d7/dz, v,
and D, have to be taken in a reference point R, on the z axis in the center
of a fluid layer of height /,< Ly to which z, and z, belong; their spatial
variation can be neglected in this layer. The eigenvalue equations (2.4) and
(2.6) to be solved in this paper, are equivalent to the linearized Boussinesq
equations.""'"

Finally we will quote some basic formulas derived in I from which the
slow part of the correlation matrix can be computed explicitly. Using
(1.8.8) and that the contributions from the sound modes are averaged to
zero on the slow time scale, we find that M®(r,, ¢,;r,,¢,) can be
expressed in terms of the following four scalar correlation functions:
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c? o
S(ry, 21, 235 l)=k37pz'2“2jo dky kyJolkyry)

n

x e T (21) 05n(22)
’ CP «
S'(rys 21, 225 1) =k37‘ 2n ) L dhey kyJolkyry)

e At (2.8a)
x kﬁ T/{-z,k”n(zl ) wi,an(ZZ)

V(r, 21, 23: 1) =k 21 Y [0 dk, ke, Jo(k,r,)
e_fxl,k"n[ R
X —_j{—ﬁ— U}..kﬂn(zl) W/i,an(ZZ)

and

- r *
By 21,223 )=k 20 Y L diey Ky Jolkeyry)

e — Syt

X R SV LN RSPMES; (2.8b)

Here ry=(x, y) = (x; — x5, ¥, — y2), = Iryl, t =1, — t;>0 and Jo(x) is the
Bessel function of order zero. Furthermore k5 is the Boltzmann constant
and c, is the specific heat at constant pressure per unit mass. We recall
from 1 that S(r, z,, z,; 1) is the entropy-entropy correlation function. In
(2.8a) the functions 8 ,,(z,) and w; ,,.(2,) are defined as

2

T A
— L* — 2 nm R
Orpnl22) = oc, T3 inl22) (27) % o+ S o T/l,kum(zz)

T P (2.9)
W)_,k”n(z2) = ; U,{:;‘n(ZZ) —(2n) Z — Uf,kum(zz)

' Sakn T S kym

They consist of a local equilibrium part [first term on the right-hand side
(r.hs.) of (2.9)] and a mode-coupling part [second term on the rhs. of
(2.9)], which vanishes in equilibrium and gives rise to long-range
correlations at equal times, ie., for r=0. The mode-coupling coefficients
A, in (2.9) are defined as

_ Jd/2 T dT

) = [T Videpn + Viion T d2 (2.10)
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Using (1.2.9), (1.2.10) and (1.8.9) the components of M®(r,, 1,;1,, 1,)
for times t=1¢, — ¢, >0 are:
Mg =0,  MP=0, My =gp
M@=0, M@= flie.+ /8

{2.11)
MED = BED(1 —e,e,) + hSVe e, + hiDR T,
+ hiVe, i, + h‘;”f“ez
where £, =r/r, and
T2
(sh) — —__ S
grr c;
T/ o 1\0d8 T ¢ 08
i __<_+_)_, oo o 222
i c, \Ory ry/ oy e ¢, 0z, 0
’Z 1 9 0V 6 1N\ a7
peh = 2= 7 I O T iy ) 7
! arﬁ ry Ory 0z, 0z, 2 {(61*” + r“> ar”:l
2
e — i_l>i[_5+ﬂ]
3 ory  ry) ory 9z, 0z,
=L (L4 1)L
ory\Or, 1) 0r, 0z,
h?“(”ns Zy, 2y 1) = _hz(xs”(”n, Z3, 215 — 1) (2.12)

In (2.8), (2.9), and (2.12) the values of the steady state quantities must be
taken in the reference point R,. For the off-diagonal elements, not quoted
in (2.11), and for times ¢ <0 one can use the symmetry relation

M(r,, ty51y, £) =M 1515, 1) (2.13)

where the superscript T denotes the transposed matrix.

Equations (2.4)-(2.13) are a self-contained set of equations for the
slow part of the correlation matrix on which our further considerations will
be based.

3. CORRELATIONS IN THE BULK FLUID

As a first application we compute in this section M®)(r,, 7,; 1, ¢,) for
points r;, r,, the z coordinates of which not only obey the condition
|z, — z,| < ly< Ly, but which also stay away from the boundaries, ie.,
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|z, —z,| <d and |z;+z;/ <d. In this case we may treat the system as
infinite also in the z direction. As reference point we choose the center of
mass R,=1(z, + z,) and take the values of all the steady state quantities in
the point R,.

To calculate M®” we have therefore first to solve the eigenvalue
equations (2.4)—(2.7) for a system that is infinite in the z direction. With the
aid of these modes we will then compute the four scalar functions S, §’, V,
and =, defined in (2.8)~(2.10). They determine the slow part of the
correlation matrix, according to (2.11)—(2.13).

For an infinite system the eigenfunctions are proportional to plane
waves e where k, can be any real wave number. The eigenvalues of the
viscous modes [Eq. (2.4)] are

Sy ke = VK (3.1)
where we have set
=ki + k? (3.2)
Using (2.5) the normalized right and left eigenfunctions are
k” i ZZ
é\l’fk”kz(z) = iy{:k”k:(z) (27[)3/2 ks (33)

Inserting (3.1) and (3.3) into (2.8b) yields

T 1
p (2n)

20y 21,7250 =kp= =z | deJO dk, k,Jolk,r,)

ekazr
x ekstai—2) ———kﬁ (3.4)
The eigenvalues of the visco-heat modes [Eq. (2.6)] are

v—DTkz[l_ dog AT kj1'?
2 (v—D T)zdzké

v+D
Sazop: = Tk +

(3.5)

The right eigenvectors follow from (2.6), while the left eigenvectors are
obtained from Eq. (A.13) of Appendix A. Normalizing according to (2.7)
the right and left eigenvectors are

k, dT 1
T;tRi ,kﬂkz(z) “

TR dz k¢

ikzz
(3.6)
+ k“ Sli,k“kz - DTk‘2
et R

ik,z

Uft,k”kz(z) = e
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and
k o { .
T§+,k”k;(2) = H3/2 * g %k ) 2 elk:L
h (2m) ST dpe: T S doyher SAs ke, T Dk
k 1 )
oL 7y = il ezkgz 3.7
Ai,k[\k:( ) (27.[)3/2 Si,kuk; — S?.‘,,k”kz ( )
respectively.

Using the left eigenvectors we can easily calculate the mode-coupling.
coefficients A, ;, ;- from (2.10) where, for consistency, the bounds of
integration must be extended to infinity, and the value of (7/p)(dT/dz) is
taken in the reference point R.. After computing the functions 0, ;. (22)
and w,, (z,) with the aid of (2.9), we find from (2.8a) for the
entropy—entropy correlation function

S(ry> 21, 225 1)
:kBi 1 J‘QO dk~J~oo die k Jo(k - )eik_-(:l*Zz)
PTRE o I

x : {Z [(s+_sz)3A5+t+(\1k2—sv)e*5ft]

s.—s_ ¢,

2 2 S84t —s_t
(@)
dz) v+ Drk“\ s, s_.

where we have written s, as abbreviation for the eigenvalues s, 4 ... The
two terms in the curly brackets correspond to the local equilibrium part
and the mode-coupling part, respectively. Similarly we find

, c,dl 1 (= @
S(Vu’Zl,Zz;f):kB—peZ(z—miLm dkzjo dky kyJolkyry)
% eik;(z1fzz) 1 (efu.t_e—s,t)
(s, —s_)k*
D, [s,—vk* _ vki—s_ )}
. sS4+t s_t 39
v+DT< 5 e +_“_s, e (3.9)

This quantity vanishes in equilibrium.



Fluctuations in a Fluid Under a Stationary Heat Flux. II. 441

Finally
T 1 (= @
Virg, 215 225 1) =kB;WL® dk . L dky kyJolkyry)
. 1
X elk;(zlfzz)
(s, “SA)kaﬁ

X {[(s+ —Dk*)e s+ (Dk*—s_)e ']

dT D, K (e~ eﬂJ)}
— — — 3.10
+agdzv+Drk2 5, s (310)

We remark that the correlation functions (3.4) and (3.8)-(3.10)
depend on z, and z, only via |z, — z,|.* Carrying out the necessary differen-
tiations, M®V(r,, t;;1,, t,) can now be determined with Egs. (2.11) and
(2.12). We will not write down the explicit expressions for M here, since
they are rather lengthy. Instead we restrict ourselves now to small distances
that are probed in normal light-scattering experiments; more precisely we
assume that |r, —r,| is much smaller than the charactenstic length 2
defined by

ng dT|~14

A= (3.11)

(see footnote 5). In this case M“(r, ¢,;r,, t,) simplifies and we will give
the expressions for the nonequilibrium part D™ (x|, r,) of the equal-time
correlation matrix M®(r,, 1,:1,,1,) to expose explicitly the long-range
behavior associated with the mode-coupling contributions.

For |r, —1,| </ only the large wave vectors with k> 17!

contribute

* This implies that the slow part of the correlation matrix obeys the time-reversal symmetry
MO, £ 65, )= MEE,, £r, 1) =M (e, 1,1, 1) in the bulk Auid. In equilibrium,
time-several symmetry holds even for the whole correlation matrix M(r,, 7;;1,, ;). As we
will see in paper III it is violated for the fast part of M in the nonequilibrium steady state.
Notice that time-reversal symmetry is always violated when boundary conditions are
included since M depends then on z, and z, separately.

% Of course, d should be much larger than A, so that the infinite system approximation, made
in this section, is justified. To give an idea of the magnitudes involved, we note that for water
under normal conditions"'?) and a temperature gradient of d7/dz=50 K cm~* the charac-
teristic length is 120.03 cm, while typically d~0.1 cm.
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significantly to the Fourier integrals in (3.8)-(3.10). In this regime the
eigenvalues (3.5) can be approximated by their equilibrium values

S, =8, gk RVK?
Ak (k> (3.12)

_ ~ 2
N ::S;_»,k”k:f\/DTk

Inserting (3.12) into (3.8)-(3.10), setting =0, and carrying out the
integrations we obtain

¢
S(’”ua Zy, 2250)=k37;35(r1“r2)

c2 (dT\? 1 1 (z;—2,)*
pT\dz) D{v+Dy)32xn r

c,dT 1 1

S’(r”,zl,zz;O)=kB;Ev+DT§Er (3.13a)
T 1 i 1
V(rll’zlazz;o):kB;WJdkek(] 2)k2_kﬁ
o Tdr 1 (I
-
85 % & y(v+ Dy) 2880x
Furthermore, from (3.4) we get
T 1 . 1
E(ry, 21, 20;0) =kg——— | dke™ 17— (3.13b)
p(2n)3j k}

In (3.13) we have used r=|r; —r1,| = [r} + (z, — 2,)* 1"~

The mode-coupling contributions in (3.13) are those terms which are
proportional to 1/(v+ D;). They increase with distance r by simple power
laws and vanish, of course, in thermal equilibrium, i.e., for d7/dz=0. The
other terms in (3.13) are the local equilibrium contributions. It has been
shown in I that the local equilibrium part A(r,, r,) = M"B(r,, t5;1,, 1,) of
the full equal-time correlation matrix is short-range, i.e., proportional to
d(r, —r,). Nevertheless the local equilibrium parts of ¥ and Z, represented
in (3.13) by Fourier integrals, cause long-range parts in the
velocity—velocity correlation function A, (r;, r,)= MLE(r  1,;r,,1,) when
(3.13) is inserted into (2.11), {2.12). They arise because we have simply
extrapolated our expressions for the slow part of the unequal-time
correlation matrix for times ¢, >¢, back towards equal times f,=1,,
thereby ignoring effects on the fast time scale, i.e., the sound modes. This
extrapolation causes an “initial slip” effect,"’?’ ie., a deviation of the
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extrapolated initial value at r, = ¢, from the true one. When also the con-
tributions from the sound modes, to be evaluated in III, are added these
long-range contributions to A,, all cancel, and one obtains A, (r;,r,)=
kg{T/p)1 6(r; —r,), as it should be.

Computing finally the mode-coupling part D®'(r,, r,) of the equal-
time correlation matrix, we use (2.11), (2.12), (3.13), and that

MC) .
hj(sl) (rule,Zz’O)

T dT 1 1
=S —_ ———————— ————— [ —Z9, = 1,..., 4 314
kg > % v+ D,) 192% I(zy—z3,7) (U ) (3.14)

where

z? JER—
ZI(Z,V)=<1+F>P', lz(Z,r)=<15-—6;—2——r—4>r

2 4

z? z z(r? —z%)'2 z? (3.13)
13(Z,i’)= 1*2F+F r, l4(z,r)=-—7~—— 3+r—2 r

to find explicitly for the nonvanishing elements of DV:

T/dT\* 1 | 2
(sl) - I = _ 1
Dirr.r2) kBp(dz) D,(v+Dy) 32n<3 r2>r (3.162)

7dT 1 1 z\1
—— — —-t)- 3.16b
2 dZV+DT8ﬂZ<eZ r) ( )

¥ r
T dr 1 1 z?
Db =ky—og——— 1+ )1+ 14

un (r1> l'2) B P) g dZ V(V+DT) 1927'C [( +r2> + €.¢,

DR)(r,, )= —

2\, .z, . .
+ | 1—= |t —4-(e.f+Te,)|r {3.16¢)

r ¥

where r=r, —r,, f =1/r, and the values of the steady state quantities must
be taken in the reference point R,=(1/2)(z,+z,) on the z axis. The
correlation functions D) and D§D are independent of the gravity field and
of, respectively, second and first order in the temperature gradient. DD is
proportional to the product g(d7/dz). D) and D{ increase linearly with
the distance r, while D§) decreases like r ! in the regime considered here,
ie., |r; —r,| <A The result for DY agrees with the expression in Ref. 6.
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4. EIGENMODES FOR STICK BOUNDARY CONDITIONS

Boundary effects may no longer be neglected when the correlation
matrix M®(r,, ¢,;1,,,) is to be computed for the cases that one of the
points r;, r, lies close to a boundary or that the distance |z,—z,|
approaches the size of the system d. Fluctuations on the length scale
|z, — z,| ~d are particularly important near the convective instability since
they become singular there.® But, as we will see in the subsequent sec-
tions, there are also interesting phenomena on that scale away from the
instability.

We will restrict ourselves here to systems for which d~/,< Ly.° Then
we can take the values of all the steady state quantities at the reference
point R, =0 and neglect their spatial variation throughout the system.

Usually it is assumed that the plates are ideal heat conductors
and—for the sake of mathematical simplicity—that the fluid velocity obeys
slip boundary conditions, ie., the tangential components of the force
density exerted by the plates on the fluid is zero. For these boundary
conditions the slow part of the correlation matrix in a non-
convective stationary state—mnear or away from the instability—is easily
obtained from the results (3.4) and (3.8)-(3.10) when the domain of the
continuous wave number &, is restricted to the discrete values k, = n{n/d)
(n=1,23,.) and (1/2n)[*_ dk,exp[ik (z;—z,)]"+ is replaced by
(1/d) S, {cos kn(z,—2,) & (—1)" cos[k,(z,+2,)1} -+ [The + sign
must be used in (3.4), while in (3.8)-(3.10) the — sign is correct.] T. R.
Kirkpatrick and one of us (E.G.D.C.) have computed the density—density
and the velocity-velocity correlation functions for slip boundary
conditions.*®

We will concentrate in the following on the more realistic—but also
more complicated—stick boundary conditions which require that the flow
velocity on the plates be zero. We first consider the viscous modes, which
are easy to determine. The right and the left modes both obey the second
order differential equation (2.4). The stick boundary conditions are

yn =0 (z=1d/2) (4.1)
and identical conditions hold for &7, ,. The eigenvalues are therefore
Sy =V(kj+k2)  (n=1,2,,..) (4.2)
where we have set
k,=n g (4.3)

5 This condition is realized in a Rayleigh-Bénard cell which typically has a size of 4=0.1 cm,
while Ly~ 6 cm for water at T=300K and dT/dz=50K cm .



Fluctuations in a Fluid Under a Stationary Heat Flux. Il. 445

Normalizing according to (2.5), the right and left eigenfunctions are

T =1,2,3 4.4
vk”n(z) kan(Z)ZZr— 6_1 In(Z) (n— :29 7) ( . )
with
cos k,z (n=1,3,5,.)
I (Z)_{sin k,z (n=2,4,6,..) (43)
Next we turn to the visco-heat modes. The right modes obey the

system (2.6), while the left modes obey the adjoint system (A13). At this
point it is convenient to introduce dimensionless quantities as follows:

z 1 1
(=2 (-3stsz) MO=eRE
d2
a——kHd, g —S;k”n‘;‘
(4.6)
P= e (Prandtl number)
Dy
_ag dl , .
R= D, = —d (Rayleigh number)
Putting also
) dZ 5 dz
@n(é,) = <Cl _d_ci_o-n><a ’—EZ—) Wn(c) (47)

so that, according to (2.6), T

ﬁk”n(z) is proportional to @ ,({), the Eqgs. (2.6)
take the form

1/, d? Ra? o
slem) 5\ e, :
7 ( Wn> =0, i 2~ (4.8)
- (" “E) (“ 71?) W

In Appendix B it is shown that the left eigenvalue problem has the same
form, except that g, must be replaced by o . Since the coefficients a, R, and
P are all real, it follows that v}, , and T7,, are proportional to W¥ and
O, respectively. Hence, using (2.7) we can normalize such that

12 1
J [W aw,dw,,
1/2

P
e iy ey L :'dzzé,,m (4.9)
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In this normalization, the eigenvalues and the components of the right and
left eigenvectors of the visco-heat modes, expressed in terms of ¢,, W, ({),
and @,({), read

v
Sl,k‘tn:? g, (4103.)

v 1 z
T/{jk“n(z) = O(gdz ? @n <;Z>
z
ﬁk”n(z) = Wn <6_1>
1 v 1 z
TE = — — x| —
) =~ o @ i £ O (d)

1 z
U5 kn(2) = Gnyrd wy <Zz’>

The right and the left eigenvalue equations for the visco-heat modes have
now both been reduced to the eigenvalue equations (4.8). These have still
to be supplemented by the boundary conditions

(4.10b)

v

(4.10c)

0,=0
({==x1/2)

aw, (4.11)

W = S
=0 e 0

The condition on @,,, which is essentially the temperature 7%, ,, expresses
the ideal heat conductivity of the plates; the two conditions on W,, which
is the z component of the transversal part of the flow velocity uf,,."
follow from the stick condition uf,,=0 at z= +d/2 together with
V-ufy =0

In order to solve the eigenvalue problem (4.8), (4.11) we first eliminate
@, between Egs. (4.8) to obtain the sixth-order differential equation’
dz dz dz
(az i Pa,,)(az T J,,><a2 ~—2—C—2> W.(0)=Ra*W({) (4.12)
The eigenvalue problem (4.12), (4.11) has been discussed by

Chandrasekhar'® for the special case of ¢, =0 in connection with the con-
vective instability. Then (4.12) defines an eigenvalue problem for R at

7 Hence the six boundary conditions (4.11) are indeed necessary and sufficient to define a well-
posed eigenvalue problem.
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given a. Here, we are interested, however, in the cigenvalues o, for given a
and R. We will now briefly sketch how the eigenvalue problem (4.12),
(4.11) is solved.!14®

From the symmetry of the problem follows that the eigenfunctions
W.({) possess a definite parity. We make the ansatz

Y, AFcosql (even)

W)= (""" 4.13
©) Y, AVsingl (odd) (+13)

j=123

where A7 and A7 (j=1, 2, 3) are constants and the ¢;=¢,(d) (j=1,2, 3)
are the three roots of the sixth-order equation

(@*+ q* — Po)(a’ + q¢*> — 0)(a* + ¢°) = Ra’® (4.14)

which lie in the right half of the complex plane, i.e., for which —z/2 <
arg q; < n/2, with ¢ considered as a parameter. Functions of the form (4.13)
are clearly solutions of (4.12) for any choice of the constants 4;. Applying
now the boundary conditions (4.11) yields a homogeneous system of
equations for the constants. For the even eigenfunctions this system reads

COS%-1 cos% cos% AE
%Sin% e sin% qs sin% A =0

g q q )

(Ql—O')QICOS-él‘ (Qz—U)QzCOS—z—Z‘ (Q3—0')Q3cos?3 A%

(4.15)

where we have set 9, =a’+¢; (j=1, 2, 3). For the odd eigenfunctions one
obtains a similar system with sin and cos interchanged. Nontrivial
solutions of (4.15), and thus nonvanishing W({), exist only when the deter-
minant of the 3 x 3 matrix in (4.15), F%(0; a, R), is zero. For fixed a and R
the characteristic equation

F%;a, R)=0 (4.16)

has an infinite number of solutions ¢. These are the eigenvalues of the even
modes. Similarly one computes the eigenvalues of the odd modes by solv-
ing the corresponding characteristic equation F°(g; a, R)=0. In this way
one obtains all the eigenvalues

o=a,(a R) (4.17)
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where the discrete index n labels the modes for fixed ¢ and R. We remark
that o, also depends on the Prandtl number P. However, we will not
indicate this explicitly.

In order to compute the eigenfunction W,({) corresponding to g, one
inserts the three (complex) wave numbers g,(a, R)=gq;(0,) (j=1,2,3)
into (4.13). If W,({) is an even eigenfunction, two of the three constants
Aqla, R)= Af(0,) follow from (4.15). If W,({) is odd, one must use the
equations corresponding to (4.15) for the odd modes to determine two of
the three constants 4,,(a, R) = A;?(a,,). After @,({) has been calculated from
(4.7), one must determine the third constant from the normalization con-
dition (4.9). This completes the computation of the eigenmodes for the
eigenvalue problem (4.8), (4.11) of the visco-heat modes.

Inserting Eqgs. (4.2)-(4.5) and (4.10), with ¢,, W, ({} and @,({) being
computed in the way described above, into Egs. (2.8)-(2.12) gives explicit
expressions for M®", The actual calculation of the visco-heat modes with
stick boundary conditions is complicated, however, In particular, the
characteristic equations [cf. Eq. (4.16)] can only be solved numerically.
Therefore we will postpone the calculation of M®" for a number of cases to
Sections 6 and 7, and mention first some general properties of the visco-
heat modes.

5. VISCO-HEAT MODES FOR STICK
BOUNDARY CONDITIONS

'In this section we will discuss the behavior of the visco-heat modes for
stick boundary conditions and fixed reduced wave number a as a function
of the Rayleigh number R.® We will illustrate the discussion by a few
numerical examples.

Before studying the exact eigenvalues o,(R), it is useful first to con-
sider a simple approximation, namely, the parabolic approximation.'®
This approximation describes the eigenvalues o, reasonably well for many
R, with the exception of one qualitatively and quantitatively important
feature, that we will discuss below.

5.1. Parabolic Approximation

For the parabolic approximation of the eigenvalues s ,(R) we consider
for fixed a the (R, o) plane. Then for each n, ¢,(R) is approximated by a
branch of a parabola through three special points in the plane, that are
exact solutions of the eigenvalue problem. These points are (0,q,,),

8 We will suppress the dependence of o, on 4 in this section.
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(0, 6,4) and (R,c, 0) where o,, and ¢, are the eigenvalues of the nth
viscous and heat mode, respectively, in equilibrium (when R=0), and
R,->0 is the solution of the equation o¢,(R)=0, considered by
Chandrasekhar.!!) Expressions, which determine the dependence of a,,,,
6., and R,- on the wave number g, are given in Appendix C. In
parabollic approximation the eigenvalues are thus

O-nv<i"0[7( Ony — Onl
Uni(R): 2 ? — 2

d¢,,6,;, R 7
14—l =1273,.. 5.1
* (: (Gnv - UnH)z RnC:l (n ) ( )

We remark that relations of the form (5.1) are exact for the
mathematically simpler slip boundary conditions, where o, = a*+ n’n?,
Gon=(1/P)a* +n*n”) and R,c= (a*+n*n?)3/a> 1&198) [cf also Eq. (3.5)
with k being replaced by k,=n(n/d)].

The eigenvalues o,,(R), as given by Eq.(51) in parabolic
approximation, are analytic functions of R with no singularities except at
the branch points (R, 5, 6,5), where R, ;= —(6,, — 0,,;)°R,/(46,,,0,,;;) and
0,5 = (0, +0,5)/2. We note that the functions &, (R) are still continuous
at R=R,p and that for R> R, the approximate cigenvalues o, (R) and
o, (R) are both real, while for R < R, they are complex conjugate.

5.2. Propagating Modes

A mode with a real eigenvalue is diffusive and decays exponentially.’
On the other hand, a mode with a complex eigenvalue propagates, while it
is damped.®® Both types of time evolution are physically possible for the
nonequilibrium visco-heat modes, owing to the interplay of the buoyancy
force, which is caused by the gravity field, and the driving force, which is
caused by the heat flux. We have elaborated this elsewhere.® Propagation
can only occur when the system is heated from above (R <0), since then
the driving force opposes the buoyancy force. Mathematically this follows
directly from (4.8) since g, is real for R>0, as is shown in Ref. 14 and in
Appendix B. Experimentally, propagating visco-heat modes have been
observed by Allaineral "> using forced-Rayleigh-scattering spec-
troscopy.

° We assume that all the eigenvalues are positive, or have a positive real part. This is the case
as long as the stationary state is stable (see beginning of next section).
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5.3. Exact Results

In order to discuss the behavior of the exact eigenvalues we have
solved the characteristic equation (4.16) numericaily for the first few even
eigenvalues ¢ = g,,(R) in a few examples. We have chosen the Prandtl num-
ber P=2 and the wave numbers a=2, 4, 6, 8, and 10, respectively. The
results are plotted in Figs. la—e. The thick lines denote the exact results,
while the thin lines refer to the parabolic approximation, ie., the curves
14, 1—, 34, 3—, and 5— as obtained from (5.1). The dashed lines
indicate the real part of the complex eigenvalues.

One recognizes from these figures that the parabolic approximation
describes the eigenvalues reasonably well in wide parts of the (R, ¢) plane.
Striking deviations occur, however, in the neighborhood of the so-called
“crossing points” where parabolas of different order n cross. The exact cur-
ves avoid the crossing when they are of equal parity. This is the important
difference between the exact eigenvalues and the parabolic approximation
mentioned at the beginning of this section. Modes with different parity can

AT
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Fig. 1. FEigenvalues ¢,(R) of the visco-heat modes for the first few even eigenmodes as
functions of R. In all five plots the Prandtl number P = 2. The horizontal wave numbers are as
follows: Fig. 1a, a=2; Fig. 1b, a=4; Fig. 1c, a=6; Fig. 1d, a=8; Fig le,a= 10. The meaning
of the various types of lines is: , rea] eigenvalues (exact results); ————, real part of com-
plex eigenvalues (exact); , real eigenvalues in parabolic approximation (5.1); ————— , real
part of complex eigenvalues (parabolic approximation). Notice that the exact curves avoid to
cross, in contrast to the parabolic curves.
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cross without affecting each other. The advoidance of crossing is accom-
plished in one out of two ways: For R>0, when the eigenvalues are real,
the two modes have to pass horizontally in the (R, ¢) plane, while for
R <0 they appear to pass always vertically since they can become complex
(Fig. 1). In the latter case the exact branch points may be shifted con-
siderably away from the positions they have in parabolic approximation. In
Table I we have listed the numerical values for the exact positions (Ry, ¢3)
of the branch points appearing in Fig. 1 and compared them with the
values obtained in parabolic approximation. Those branch points, where
the parabolic approximation fails badly in our examples are caused due to
the crossing of the parabolas 3+ and 5—, forcing the exact modes to pass
vertically before this crossing point is reached. Thereby branch points are
generated with values of Ry much lower than those expected from the
parabolic approximation, where the branch points are just the vertex point
of the parabolas o3, (R).

Moreover, pairs of new branch points appear, which frame certain
“windows of propagation,” such as the behavior near the crossing point
(14, 3—) in the examples a =8 and &= 10 shows. In Fig. 2 we have plot-
ted a close-up of this window in the case a=38.

Because of the complications caused by the avoidance of crossing, one
can order the eigenvalues only at fixed R. Orderings at different R cannot
be uniquely connected through a branch point.

5.4. Mathematical Behavior near the Branch Points

We will end this section with a few mathematical remarks on the
behavior of the eigenvalues and eigenprojections near the branch points,
based on some theorems proven in Kato’s book.!'®

(i) Two eigenvalues o,(R) and o,,(R) which meet in a branch point
(Ry, 6,) can be represented by the Puiseux series’®).

o (R)=0yta,(R—Ry)"*+ar(R—Rp) L as(R—Ro)*+ -+ (52)

in a neighborhood of R,, where a,, «,, «3,.. are constants. Branch points
are the only points where the eigenvalues ¢,(R) are not analytic functions.
(ii) The eigenprojections 2, and &, corresponding to ¢, and o,
respectively (they are defined more explicitly in Appendix B) behave near
R, like
g’i(R)=i/Vo(R_Ro)—1/2+%%+ (5.3)

where , is the total projection operator corresponding to ¢, and A5 is a
nilpotent operator, ie., #3=0. Since #2. =2, and 2, 2 =0 it {ollows
furthermore that 2, A= A2, = 4.
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Fig. 2. Close-up of the “window of propagation” from Fig. 1d.

(iii) Combining (5.2) and (5.3) one sees that 6, #, + 0 _2_, ie, the
nonanalytic part of the Jordan representation of the operator in (4.8) defin-
ing the visco-heat modes, is continuous in R,. The merging of two modes
in a branch point (R, 0,) gives rise to generalized eigenmodes that do not
evolve exponentially with time z, but like e ™.

The proofs for Egs. (5.2) and (5.3) given by Kato are mere existence
proofs. Explicit expressions for the constants «,.. and the operators A
and 2, can only be given when the details of the eigenmodes near the
branch point are known. Therefore we illustrate the formal results in
Appendix D for the case of slip boundary conditions, where all the quan-
tities can be determined explicitly.

- From the above considerations follows that the integrands appearing
in the correlation functions (2.8) (the sums over n being understood to be
part of the integrands) are continuous functions of the Rayleigh number R
in the branch points. Hence, the correlation matrix M®) is a continuous
function of R away from the convective instability. M) becomes singular
at the instability point, because then one of the eigenvalues o, vanishes,
causing the mode-coupling contributions to (2.9) to diverge. In the next
two sections we use the eigenmodes discussed here to study as examples the
behavior of M) npear, but below, the convective instability (Section 6),
and the Rayleigh line in the scattering of light for very small wave vectors
(Section 7).
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6. CONVECTIVE INSTABILITY

The stationary state solution p(z), 7(z), u=0, around which the fluc-
tuations are discussed here, is unstable when the corresponding
hydrodynamic operator has an eigenvalue with a negative real part.®' In
this case not every initial perturbation da(r, 0) of the laminar steady state
will decay to zero as f— oo, but some will increase exponentially. The
system responds to this hydrodynamic instability by performing a trans-
ition to convective flow. In this section we will discuss the correlation
matrix near the convective instability.

The only hydrodynamic modes to become unstable are the visco-heat
modes, since the viscous and the sound modes have a finite damping part
for finite @ which is proportional to the transport coefficients. In Appen-
dix B we show for the visco-heat modes that Re o, > 0 for all R <0. Hence,
convection can only occur when the fluid is heated from below (R >0).
Physically, the convective motion is caused by the buoyancy force which,
for R> 0, supports the tendency of the hot and light fluid to go up and of
the cold and heavy material to go down.®

The lowest value of R, for which the real part of one of the eigenvalue
relations (4.17) vanishes, is the critical Rayleigh number R,. We denote
that branch of the eigenvalue relations whose real part goes first to zero as
R increases, starting from R=0, by ¢'(a, R). From Eq. (B20) in Appen-
dix B follows that Im ¢(a, R,) =0, since R.> 0. This is known as the so-
called “principle of exchange of stabilities.”*") The curve of marginal
stability, R=R")(a), is therefore obtained by inverting the equation
cM(a, R)=0.

In order to compute R‘)(a) we take the characteristic equation (4.16),
since the eigenfunction corresponding to the lowest eigenvalue has even
parity. Putting ¢ =0 yields

Fola, R)=F*(0;a, R)=0 (6.1)

Equation (6.1) has still infinitely many solutions R = R,(a). The curve of
marginal stability R = R'")(a) is that branch on which the lowest R value is
attained. The minimum of R)(a) is the instability point (a,, R_). Hence it
is defined by the equations

dRM)
( da ) :0’ RczR(l)(ac) (62)

We remark that a, and R do not depend on the Prandtl number since
Fy(a, R) is independent of P. Numerical results for a, and R_ have been
obtained long ago (see Ref. 11 and references therein).
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After the instability point has been determined, we investigate next the
behavior of the visco-heat modes close to the instability point. This will
enable us to compute the correlation matrix in the limit where the
instability is approached from below, ie., as R — R, _.

Expanding ¢ around (a,, R.) yields

R —a)?
a(l)(a,R)zl”Pl:l—F+A2(a—2a‘)~:|+ « (R-R,_;axa,)
C aC
(6.3)
where
oot @ (R
Y =t (2 6.4
rr RC<aR>M; 2Rc<da2 ) (64)

and where (6.2) has been used. From (6.4) follows that A* is determined
from the curvature of the curve R“)(a) in the instability point. To compute
I'»,"° one expands the characteristic function F*(¢; a, R) to first order in o:

FE(o;a, R)y=Fo(a, R)+oF (a, R)+ -~ (6.5)
where F, = (0F%/dc),_,. From (4.16) and (6.3) follows then

R oF,
Ip=——— | — 6.6
d Fl(aca Rc) <8R>a[,R¢ ( )

Wesfreid et al."®) have computed the values of I",, and 4?2 and verified their
results experimentally by measuring the decay rate of the critical mode near
the instability (i.e., the so-called critical slowing down) with the aid of for-
ced-Rayleigh-scattering techniques.

We need also the components of the normalized eigenvectors for a =a,
and R=R,, which we denote by W ({) and @,({). Since the instability
point is not a branch point,'" it follows from the discussion in Section 5d
that W ,({) and @ .({) are analytic functions of {. They can be determined in
the manner outlined below Eq. (4.17).

We can now compute the correlation functions near the imstability
according to Egs. (2.8)-(2.10). For R=R, the correlation functions
diverge, since 6"(a,, R,)=0. As R — R, , their magnitude is dominated
by the eigenvalues 6*(a, R) in the vicinity of the instability point, given by
(6.3), and all the local equilibrium contributions are negligible since they

19The index P denotes that this quantity depends on the Prandtl number P.
''This is clear since, according to Section 5.2, branch points can only occur for R<0 while
the instability arises at R=R,> 0.
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stay finite. To be more quantitative, we introduce the positive dimen-

sionless parameter
R 172
s=%<1—F> (6.7)

Then, in the regime ¢ <a,, the only mode-coupling coefficient (2.10), which
contributes to the singular behavior of the correlation functions, is found
with the aid of (4.10) to be

Ty 1
P R — .
cc ,Od2 (27‘[)4612 P (68)
where
1 r12
ro==| wie.nd (6.9)
ac’—1,2

In terms of the dimensionless variables

51221/5{, C2=22/d, 62’"1;/61
v I'pA? (6.10)

TR 2

<

we thus obtain from (2.8), (2.9), and (6.8) for ¢<a,

2 v

S(}’”, 21522, t) = kB ﬁm KPGE(€> ‘C) @c(Cl) QC(CZ)
C v

S'(rys 2z, 225 ) =kp > —5 KpG (& 1) O({) WAL5) (6.11)
p agd

T
Vry, z1, 255 1) sz; dKp G(&, ©) W) WALL) (e<a,)

where
Kp= T 6.12
T raA%a? (6.12)

and
Gt )= e [ ana) g (6.13
A= o a—ay+e 13)
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It is this function G,(¢, 1), appearing in all three correlation functions
(6.11), that diverges in the limit ¢ — 0 for all distances ¢ and times 7.

Inserting (6.11) into (2.11), (2.12) one can straightforwardly compute
M®D(r,, ¢,;1,, t,) in the limit R — R,_. Therein the contribution from the
viscous modes, i.e., &, is negligible, since it is a local equilibrium quantity
and thus stays finite as R— R._. Even the fast part of the correlation
matrix, which is generated by the sound modes (and which will be con-
sidered in paper III), stays finite at R = R, since all the sound modes have
a positive real, i.e., a damping, part. Therefore the fast part of M does not
contribute to the singular behavior of the hydrodynamic correlation matrix
near the instability either, and we may drop the superscript (sl). For
general distances and times, the expressions thus obtained for
M(r,, t,; 15, t) in the limit R — R__ are still rather lengthy and will not be
given here. Instead we will restrict ourselves in the following to a discussion
of the large-distance behavior as r; — .

Using that the integrand in (6.13) is sharply peaked around a, one can
straightforwardly evaluate the function G,(&, 7) for large horizontal distan-
ces £ a7t The result is

172
Ge(f,f)=<2£::> ZA@T)COS(%&—%) (£>a7") (6.14)

where?)

- (sz

Z,(& 1) 1 —ezrjw € c d
L) =—¢ ———c¢os
o T e R

:2_;[6g:erfc<8f_2\€/¥>+esserfc<gﬁ+2f/;ﬂ (6.15)

and

2 x
erfe(x) = 1 H—j et di (6.16)
0

N
is the complementary error function.

Inserting now (6.11) and (6.14) into (2.11), (2.12) and keeping only
the divergent terms'> we obtain

Mopp(ry, 151, 1))

T 2 L\
ki K (515) 26 )60 (0.~ 000 6.0

"2 From (6.15) follows that Z (¢, 7) = O(1/e) while (8/3¢) Z,(&, 7) = O(1).
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Mz, (ry, 515, 05)

T v a, \?
ke Kpa, |2
kg > agd Pl <2n§) Z(& 1)

. [cos (acs - g) 0, 0.(L1) W.(Ls) e,

+sin (acf —%) oL, )dlg/ r\]

Muu(rh tl;r2> t2)

1/2
—ky T}K %(2‘;}) Ze(é,r){cos(ac{~—g)

x[ai W) WAL ese, + 0 Ve

C A

T
a, dC r“rH+a sin <a g—zﬂ
aw

aw
19 A (, < . v> —1
TC;_ e, — d{ W)t e, ]} (e<a;i>»at) (6.17)

< i)

From (6.17) one can derive, in particular, expressions for short and
long times t=1,~ 1,20 by evaluating the function Z,(¢, 1), defined in
(6.15), asymptotically. Assuming that &2¢ ™", one finds®*"

| T 1
¢ <E<E>
Z(S1)= : (6.18)

1 e %" T 1

— cosh ef —— —>—

seoshet o (3
For short times, 1.e., 7/¢ < 1/e, the correlation matrix is thus independent of

12 and its long-distance decay in horizontal direction can be characterized
by a dimensionless correlation length

gczlzﬁ__.l__ (6.19)

¢ a./1—R/R,

where (6.7) has been used. The long-time behavior, on the other hand, can
be described by a dimensionless correlation time
1A 1 (620)
I"—..sz—af 1 —R/R, ’
Both, ¢, and 7., go to infinity as R approaches R..

3 The condition t/¢<1/¢ means physically that the times considered are much smaller than
the time &2 it takes an initial fluctuation, localized in the origin, to spread over the dis-
tance £. Hence one should expect to find just the equal-time correlation matrix.
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It is clear from the derivation that expressions of the form (6.11) and
(6.17) for the correlation matrix near the instability hold for arbitrary
boundary conditions, as long as the visco-heat modes have a discrete spec-
trum. For the temperature>temperature correlation function this has first
been shown by Zaitsev and Shliomis.®’ These authors have also obtained
the formulas (6.19) and (6.20) for the correlation length and the correlation
time, respectively. Without reference to any specific boundary conditions,
the values of the constants R_, a,, A, I'», K, and the functions W ({),
©.({) are still undetermined, however.

Finally, we quote the numerical values of these quantities for stick
boundary conditions. They are

R, ~1707.762,  a,~3.117

38.3 14203P
21, Foo— K,~0.0706 ———
4 46, 71 4203P° g 1+ 1.96P
WA{)=Nplcosqo{+2Re A, cosq, (]
d2 2
@(-(C)=<03—&—2> W.(0) (6:21)

Gox3974, g, ~2.126+5.195i
A, ~(—3.077+5.1951)x 102

1.25
NZg———
£T141.96P

While most of these values have been obtained before in the literature, 1'%
the values of N, and K, are new. For comparison we quote here also the
results for slip boundary conditions'%":

27
R, =“l7*~657.51, a,=——x2221
4 2
4 327 14.80 3
A2 =2~133 N e =7 200154
3 ’ PT214+P) 1+ P P ot
W.({)=Npcos n{ {6.22)
#\2 9
0.0=(a-) . WO=3m W)

N2
P73+ P)



462 Schmitz and Cohen

7. LIGHT-SCATTERING: THE RAYLEIGH LINE

As a second application of our theory for the slow part of the
correlation matrix developed in Sections 2—4, we compute the Rayleigh line
in the light-scattering spectrum for a number of examples. In simple fluids
the spectral intensity of the scattered light is proportional to the dynamic

structure factor S(k, ), defined by**
1 Ty2
Stk @) = VT, JV: dry Jys dr, j_ Ty/2 an

X JTS/Z dty exp{ —ilk- (r,— 1)) —o(t;, — 1,)1}

—Ty

X Mpp(rl,tl;r2912) (71)

where
Mpp(rla [1;r2> t2): <5p(l'1, tl) 5[)(1‘2, 12)>ss (72)

is the density—density correlation function in the stationary state. In (7.1} k
and o are proportional to the transfer of momentum and energy, respec-
tively, from the fluid to the light beam.® Finally, V, is the scattering
volume and T is the scattering time. We have assumed in (7.1) that the
scattering volume is uniformly illuminated during the scattering time and
that no light scattered from regions outside V', will be detected.

For wave vectors k and frequencies w in the hydrodynamic regime we
may use in (7.1) the result for M ,(r,,t,;r,,,), as obtained from a
hydrodynamic calculation. The density fluctuations Jp(r, r) can then be
expressed in terms of the pressure and the temperature fluctuations via the
linearized thermodynamic relation dp = py,dp — pa 6T, where y, is the
isothermal compressibility.

Here we restrict ourselves to the Rayleigh line of the light-scattering
spectrum, which is generated by the slow part of the density—density
correlation function only. Using (2.11) and (2.12) one obtains for the slow
part of M,

M;i)(rla t] 5Ty, t2)
:pzazM(;lZl(rla tl;r2> t2)

2 2£X{S(”u,21’2251) (1=0)

=pe S(ry 22,205 —1)  (1<0) (7.3)

2
Cp

where S(ry, z;, z,; t) is given by the first of Eqgs. (2.8a), and (2.13) has been
used. In (7.3) we take the values of the average quantities in the center of



Fluctuations in a Fluid Under a Stationary Heat Flux. Il. 463

the scattering volume, i.e., we choose the z coordinate of the center to be
the reference point R,. As was pointed out in Section 2, Eq. (7.3) is only
valid, if r, and r, both lie inside a horizontal fluid layer around R, of
height /, < Ly within which the spatial variation of the average quantities
can be neglected. In order to ensure that only correlations between such
points are probed in (7.1), we will assume in the following that &, 2/ .

The dynamic structure factor of the Rayleigh line, Si(k, w), is then
found by inserting Eq. (7.3) into (7.1). The expression simplifics when the
scattering volume and the scattering time are chosen such that the two
sides of the horizontal cross section of the scattering volume are much
larger than k', where k= (1 —e_e,) - k is the horizontal component of the
wave vector, and T,»>w '. Under these conditions we can set
approximately 7, = oo and integrate over the whole x, y plane. Thus we
obtain

T2 1 (RA+Ly2 R+ Ly2
2.2
Sr(k, 0)=p’a _cirj Z1J )
p s YR — Ly/2 R;— Lyj2
xe k- (k 2, z5; w) +cc (7.4)

where L, is the height of the scattering volume, c.c. denotes the complex
conjugate, and §(k”, Zy, Z5; @) is defined by

Sk, 2, 227 ) =jo°o di f dry e~ T=00 S(r 2y 2,0 0) (7.5)

where the r; integration is over the whole x, y plane.
Also of interest is the total intensity

1(k)=§1;jj° S(k, ®) do (7.6)

since it measures the density—density correlation function at equal times.

Inserting, namely, (7.4), (7.5) into (7.6) one finds for the total intensity of
the Rayleigh line:

T2 { rR+Ly2 R+ L2

Io(k)=pa® — — j dz dz

Ak)=s 2 Lir-rpp erLs/z ’

X ¢~ Hkalz1—22) j drye ™M NIS(ry, 2y, 2,35 0) (7.7)

In the following we will discuss the expressions for the shape and the
intensity of the Rayleigh line for a few cases as obtained from Egs. (7.4),
(7.5), and (7.7) by using the results for S(r,, z,,z,;7) derived in the
preceding sections of this paper.
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(1) If the scattering volume is placed well inside the bulk fluid, away
from the boundaries, and if the wave vector k is such that k> A~ !, where A
is the characteristic length defined in (3.11), we may use the formula (3.8)
for S(ry, z;, 255 t), with 5, and s_ given by (3.12). Assuming furthermore
that L;> k%, one can replace the bounds of the integrals over z, and z, in
Eq. (7.4) by + 0. Then one finds

'))_1 2DTk2
Sr(k, ) =k8p2TXTTm

dT\* 2v 1 1 Kkt

+kBpT<oc E) vi— D% <D2Tk4+w2_v2k4+w2) E!‘II (7.8)
The two terms in (7.8) arise from the local equilibrium part and the mode-
coupling part of S(r, zy, z,; t), respectively. The local equilibrium part is a
Lorentzian line, centered at w =0, with half-width D k% It is just the local
form of the central line from the Landau-Placzek formula.® The mode-
coupling term is not Lorentzian and anisotropic in k space. It is of second
order in d7/dz and independent of the gravity field, owing to the fact that
the spatial distances, probed by the wave vectors considered here, are much
smaller than the characteristic length 4. The total intensity is

-1 dT\? 1 2

k) =y Ty o () m% (79)
where we have set R“ =k, /k. It follows from (7.9) that the local equilibrium
part of Ip(k) is independent of k. This is so because the equal-time
correlation matrix in equilibrium is short range,’ so.that only white noise
can be detected by wave vectors from the hydrodynamic regime. The
mode-coupling part, on the other hand, is proportional to k~* reflecting
the long-range nature of the nonequilibrium contribution to the equal-time
correlation matrix [cf. Eq. (3.13a)]. The results (7.8) and (7.9) have
already been derived in Ref. 6 and, for the special case k, =0, in Ref. 7 by
methods different from ours. We remark that the mode-coupling correction
to the Landau—Placzek expression should be observable for the wave vec-
tors used in normal light-scattering experiments.'*

4 Inserting the parameters for water under normal conditions™® and setting d7T/dz =
50 K em~1, £, =1, one finds for the ratio of the mode-coupling to the local-equilibrium con-
tribution to the Rayleigh line

S¥C(k,0)  (xdTjd?RE 1 v IECS(k)
SEE(K,0)  pxrL(y—D)y1vDrk* v+ Dy I¥5(K)
0.3 k=3000cm~!
~ 16 for k=2000cm~!
25 k=1000cm !

~25x 108 cm—* x%
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(2) Using very small wave vectors, ie, k<SA~!, one can probe
correlations between points with distances so large that gravity and
possibly boundary effects can no longer be neglected. In this regime, the
mode-coupling contribution to the structure factor S,(k, @) is many orders
of magnitude larger than the local equilibrium contribution.'® As in Sec-
tions 4-6 we will restrict ourselves here to systems for which dx/,<Ly.
Furthermore we choose R.,=0 and L,=d so that the whole layer is
illuminated by the light beam. Inserting then Egs. (2.8)—(2.10) into (7.4),
(7.5) and expressing the result in terms of the dimensionless quantities
given by (4.10), we find after a straightforward calculation

T Z
S ok, ) = 2% y— ’;2 S (7.10)

— i

where we have introduced the scaled frequency

d=—a (7.11)
v

and the oscillator strengths %, defined by

1
Filksi @ R)= 2,0 L =28, (~k.) (7.12)
with
1 rl2
=]  [0,W,+W,0,]d (7.13)
2a°V p
and
~ 172 .
8,(k)=]" e %00 (7.14)
1/2

In (7.12) we have neglected the local equilibrium contribution. Inserting
(7.10) into (7.6) one finds for the total intensity

2
T
IR(k):kB%% Z 4 cc. (1.15)

n

15 Since the eigenvalues s, and s_, defined in (3.5), are still of the order vk?, D k? when k
decreases, we may use the ratio from the previous footnote, which was based on (7.8), for a
rough estimate.. Putting as a typical value k=30 cm ™! (recall that 1=0.03 according to
footnote 5) one obtains

SME (K, 0)

R 3% 107
SEE(k, 0)



466 Schmitz and Cohen

For later use we introduce also the normalized structure factor

¥ Salk )

S (k &)=
Srk, @) Z 10 (7.16)
which will be plotted in Figs. 3 and 4 below. With (7.10) and (7.15) we find
_ - 2 (Re #)(Res,)— (Im # )@~ Imag,)
Srlk, @)= L .
wlk, @) 3, Ref/";,g (Req,)+(w—1Ima,)? (7.17)

(3) At the convective instability (R=R,) and for a wave vector k,
the horizontal component of which has the critical magnitude &y, =a./d,
the structure factor (7.10) diverges for all w (“critical” opalescence). The
reason for this singularity is the divergence at a=a, and R= R, of the
oscillator strength # 1) corresponding to the critical mode ¢(a, R). Near
the instability point one has according to (6.3) and (6.7)

AZ
cMa, R)z]ﬁ,,a—2 [(@a—a,) +¢&*] (e—0,axa,) (7.18)

<

so that

1 1
FO=2K,

2 e e+ O.k,)0.(—k,) (¢-0,axa,) (7.19)

where also (6.9) and (6.12) have been used and where

8.k )=fm e %0 ({) (7.20)
c z _1 4 -

The explicit expression for the function @ (k,) is lengthy, but can
straightforwardly be evaluated from the results given in (6.21) for stick
boundary conditions. From (7.10) follows that near the instability point
the dynamic structure factor has the form of a simple Lorentzian peak

v pT 26
SR(k,a))z2 BE?y(l)m (R—»Rc,azac) (721)

with a linewidth going to zero like 6 and with a height going to infinity
proportional to 1/(¢)2.(2?

(4) We have also computed the normalized structure factors
Sx(k, @) in two stationary states away from the instability, characterized
by the Rayleigh numbers R = 1000 (heating from below) and R= —10 000
(heating from above), respectively. In our examples we have chosen the
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€l

Fig. 3. Normalized dynamic structure factor S(®) for P=3.6, a=4.5553 and R= +1000.
The vertical wave numbers are as follows: Fig. 3a, k,=0; Fig. 3b, k,=n/d.
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.

- . . e
o 20 30 40 5 6o B 8B %

Fig. 4. Normalized dynamic structure factor S(@) for P=3.6, a=4.5553 and R= —10 000.
The vertical wave numbers are as follows: Fig. 4a, k, =0; Fig. 4b, k, = n/d. Notice the different
scales in Figs. 3 and 4.
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Prandtl number P=3.6 and the horizontal wave number a=4.5553; in
agreement with the choice made by Allain ef al."'”'> in their experiments
on the propagation of the visco-heat modes. We have performed the
calculations for k,=0 and for k,=n/d. In Table Il we give the numerical
results for the eigenvalues o, of the modes we have taken into account in
the sum (7.12) and the resulting oscillator strengths %, .

Figures 3a and 3b show Si(k, @) as function of & for R = 1000 and for
k.=0 and k,=n/d, respectively. As follows from Table 11, the line shape is
dominated in both cases by the mode n=1, so that the lines have
approximately a Lorentzian shape with half-width o, =4.14. On the other
hand, the graphs for R= —10000, shown in Figs.4a and 4b, are much
broader. In the case k,=0 one can easily distinguish two peaks that are
symmetrically shifted away from @&=0. This kind of “second sound”
phenomenon‘®® is caused by the modes n=1 and n=2 which propagate
for R= —10000 (see Tablell). For k,=n/d this effect is obscured,
however, owing to the large contribution of the next mode, ie., n=3,
which does not propagate.

8. DISCUSSION

(1) Measurements of the light-scattering spectrum for small wave
vectors k require small scattering angles due to the Bragg condition.® In
praxis, there is a lower bound on k, depending on the smallest angle, for
which one is able to separate the scattered beam from the incident beam,
and on the wavelength of the incident beam. Using a laser beam with a fre-
quency in the range of normal light, ie., w,~3x 10" sec™!, one needs a
scattering angle of the order 1° to measure Sy(k, @) for k~2000 cm ™",
which is a typical wavevector for which Eq. (7.8), ie., the mode-coupling
correction to the local equilibrium resuit, could be verified (cf. Foot-
note 14). On the other hand, the results plotted in Figs. 3 and 4 hold for k
of the order 30 cm " In order to verify these results experimentally, a
reduction of the wavelength of the incident beam to the infrared or
microwave regime seems to be necessary. Unfortunately most molecular
substances absorb these frequencies. Nevertheless there may be fluids from
which microwaves are scattered. Perhaps a heavy inert gas, like xenon,
could be a candidate. A

(2) As has been pointed out in Section5, the existence of
propagating visco-heat modes has been established experimentally by
Allain e al. ' However, these experiments have been performed only for
Rayleigh numbers far beyond the threshold of propagation of the par-
ticular mode that was excited, i.e., far beyond its branch point. When the
squares of the measured frequencies of the waves (i.e., the imaginary parts
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of the eigenvalues) are plotted against the Rayleigh number, they seem to
lie on a straight line, as predicted by the parabolic approximation (5.1).
For suitably chosen conditions on the horizontal wave number, more
careful measurements should yield large deviations from the straight line
near the propagation threshold, confirming the shift of the branch point
from the value predicted by the parabolic approximation, owing to the
avoidance of crossing. Moreover, the slope in the threshold would deter-
mine the coefficient a, in Eq. (5.2). Finally, the experimental observation of
a “window of propagation” would be of special interest. Experiments near
the threshold or within the “windows” are very difficult, however, since
here the propagation is very small compared to the damping.

{3) As already discussed in Refs. 9 and 10, the results for the singular
behavior of the correlation matrix near the instability, presented in Sec-
tion 6, cannot be applied to the immediate vicinity of R,. The reason for
the failure of the theory is that the magnitude of the fluctuations becomes
larger and larger as R —» R, and hence the linear fluctuation theory, used
in this paper, breaks down. To use the language of critical phenomena, our
theory is just a mean field theory. Attempts to go beyond a mean field
theory, by taking into account the fluctuations in a nonlinear way** or
using renormalized transport coefficients, ') indicate that the region, where
the mean field theory breaks down, is unaccessible close to R, at least with
the present experimental possibilities.

(4) For wave vectors in the regime probed by normal light-scattering
(k~2000 cm ~ '), van der Zwan et al.*® have also computed the dynamic
structure factor of the Rayleigh line. They use a perturbation theory
around equilibrium in the temperature gradient, taking explicitly into
account the variation of the average quantities with position. This yields a
line shape that is not symmetric in w. However, as the authors point out,
this effect is unobservably small. To understand this better, we recall from I
that for the slow modes the variation of the average quantities with
position can be neglected for all wave vectors with k,2/;*. Clearly, it can
therefore also be neglected in normal light scattering, where even k,> /5.

(5) In the problems discussed in this paper, the condition &,2/; "
was always satisfied, and the Boussinesq equations, derived in I, were suf-
ficient for us to determine the slow modes. Nevertheless, there are
situations where the spatial variation of the average quantities has to be
taken into account explicitly, even for the slow modes. They occur in
systems where da Ly > [, so that modes with very long “wavelengths” (ie.,
of the order Ly) are possible. In order to compute these modes, one has
first to extend the Boussinesq equations. Deriving the correct extension of
the Boussinesq equations from the full linearized hydrodynamic equations
should be feasible with the methods developed in paper I. An interesting
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application of these extended Boussinesq equations would be the
calculation of the instability point in a Rayleigh-Bénard system where d
can be of the same order as Ly. This would lead to a value of R, different
from R,=1707.762, which is only valid for d< Ly.
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APPENDIX A

In this appendix we derive the left eigenvalue equations for the visco-
heat modes. To this purpose we consider the space of all vectors

v=(c) A

where T(z) and v(z) are suitably often differentiable functions which satisfy
the boundary conditions

v=0, &_g (z= +dJ2) (42)

T(z) and »(z) can be interpreted as the temperature and the z component
of the transversal velocity field, respectively, of an arbitrary perturbation
around the stationary state. Equations (A2) are then the boundary con-
ditions used in the main text [cf. Eq. (4.11)].

Defining the operators

dr
p,2 &

£ = dz (A3)
—ogkt v9*

with @ =k} - d*/dz* and

10
D=<0 9) (A4)
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we can write the right eigenvalue equations (2.6) in the form
& URk=5,D-UR (A5)

Furthermore we write the normalization condition (2.7) as

k2
(K-UL, D-UR)= (27:)2 0 om (A6)
where we have set
k2 0

K= < 0“ 1) (A7)

and introduced the scalar product

df2
(U, U= [T+ o] ds (A8)

for arbitrary vectors U, and U,.
Multiplying (A6) by the eigenvalue s, yields

kz
s, (273)2 S = (K-UL,5,D-UR)= (K- UL, & -UF)
k2
=S g2 Om = (53D UL, K- U] (A9)

where we have used the boundary conditions and that K and D commute.
Hence, the left eigenvalue equation is

LT UL=s¥D-UL (A10)
where the adjoint operator £ has to be determined from the equation
(KU, £ Uy)=(£"U;,K- 1) (A11)

for arbitrary vectors U,, U, satisfying the boundary conditions. Integrating
the left-hand side (Lh.s.) of (A11) by parts, using (A2),'® one obtains

D9 —uag

Pt = (A12)

daTr
Ekﬁ V@z

' We require that the left eigenvectors obey the same boundary conditions as the right eigen-
vectors.



474 Schmitz and Cohen

Hence the left eigenvalue equations (A10) read explicitly

P17 e\ (14 T, (2)

Ak . ( Lkyn ) AlL3
d_]—'kz v@Z ( Uikﬂn(z) > gl gvik"n(Z) ( )
dz If

We remark finally that (A13) is still correct when the stick boundary con-
dition dv/dz=0 (z= +d/2) in (A2) is replaced by the slip condition
d*v/dz* =0 (z = +d)2).

APPENDIX B

In this appendix we show first that the components Tik”n(z) and
v7(2) of the left eigenvectors of the visco-heat modes are proportional to
O *(() and W}({), where @,({) and W ({) are the dimensionless functions
that have been introduced by (4.6) and (4.7). We have used this property in
deriving Eq. (4.9). Then we will define the projection operators Z,
corresponding to the eigenvalues o,, and finally we will prove two simple
properties of the eigenvalues that have been used in Sections 5 and 6.

Defining the function WX({) by

0ikn(2) = Wi(L) (B1)

we obtain from the second equation in (A13),

Loy Y1 L
Ti,k”n(z) - dz (dT/dZ) a2 @n(C) (BZ)
where
2 d2 2 d2
95(6)=<a -@—Gi‘xa ~d—cz> W) (B3)
Inserting (B2) into the first equation in (A13) yields
2
(@ G Pot | 40 = REWLQ) (B4)

The last two equations for @% and W are identical to Egs. (4.8), provided
that a, is replaced by ¢*. Furthermore, the left eigenvectors obey the same
boundary conditions as the right eigenvectors. Since the coefficients a, R,
and P are real it follows that

OL=cOF,  Wi=cW (B5)



Fluctuations in a Fluid Under a Stationary Heat Flux. Il 475

where ¢ is an arbitrary constant. Combining (B1), (B2), and (B5) the
statement made above follows.

In order to define the projection operators %, we use a notation
similar to that of the preceding appendix, but for the dimensionless quan-
tities. Thus we set

0, ))
U,= Bé6
s (56)
and write the eigenvalue equations (4.8) and the normalization (4.9) as
¥-U,=¢,D-U, (B7)
(K-U%,D-U,)=0,, (B8)
where now
Ly, d& Ra®
P\? T P
7= 2 (B9)
—1 112 ~— 73
dC
and
P
1 0 —
D = | % X (B10)
) 0 a2~ﬁ , . 0 L
de? a’

The dimensionless operator & is self-adjoint in the scalar product (B8).
The eigenprojection operator £, is defined by

2U=u,U, (B11)

where U is an arbitrary vector that can be expanded in terms of the eigen-
vectors U,, as

U=Yu,U, (B12)

m

with expansion coefficients u,,. With the aid of (B8) we obtain

u,=(K-D-UX U) (B13)
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Inserting (B13) into (B11) yields
(%U)(C)=j P.(L, ) - U() (B14)

where the integral kernel P,((, {') is defined as the dyadic

P.((, {)=U.OK-D-UX{) (B15)
Inserting (B6) and (B10) into (B15) we find explicitly

| a
1 O001(C) 6,0 (¢~ wre)
P(C. 1) = (B16)
P £ 0x( Ly & -
o WA O2E) 0@ W)

Finally we prove two simple properties of the eigenvalues o, used in
Sections 5 and 6. Following Ref. 14 we write (4.8) in the form

dz d2 2
2_ 7 W - _ 2_ T
( dcz) : @,,+(a dc2> W,

d2
P6,0,= —Ra*W,+ (az —EE> o,
Multiplying the first equation by W}¥ and the second equation by @* and
integrating over { from —1/2 to +1/2 yields
2

1/2 d
Wkl ag*—— | W
7, J_m n<a dé@) L d

d2 2
= - W*e, d. + Wk — W _d
J1/2 ‘ J1/2 ( dCz) e

(B17)

(B18)
1/2
Po j 06, d
n 12 n

2

— 2 12 * 2 d
— —Ra L/z@ Wdc+j ; <a )0

Now take the complex conjugate equations of (B18) and subtract them
from (B18). This yields
12 4% 12
oo [ wi(a=gm)waai= [ (wre,-w.en
—1/2 dC 1/2
(B19)
172
016,dl=—Ra® | (02W,—6,W})dl

—~1/2

1/2
Plo,—a) |

—12
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where also the boundary conditions have been used during partial
integration. Eliminating the r.h.s. between Eqgs. (B19) one finds

P

dw, .
+-M—4|@n|}dg_o (B20)

d;

1/2 1
_g* W 1?2+ —
(@, “")J_m[' P+

Since the integral is positive for all R> 0 it follows from (B20) that ¢, =0}
for R>0. In other words, the eigenvalues are real if the system is heated
from below, or, propagation can only occur when the fluid is heated from
above.

Similarly, one can take the complex conjugate equations of (B18) and
add them to (B18). Then one finds

12 4>
* * 2 _ —_\W
(Gn + O-n ) J\—_ 12 Wn (a dC2> w n dz;
1/2 1/2 dz 2
=—[" wre,rerw)ac+2|" wr <a2——2> W, dc
—-1/2 —12 at

(B21)

1/2
Plo,+ot)| 61,

172 172 42
=R | (@rW,+Wro)d+2[  Or(a-—)6,d
—1/2 -1/2 dc2

Multiplying the first equation of (B21) by Ra® and subtracting it from the
second one finds finally

12 1 {dW,
* W 2 _ n
(on+an)fm[l s

1/2 1 d2 2
=2Lm [;2. <a2—2€—2> W, )] d; (B22)

The integrals in (B22) are both positive if R <0. Hence it follows that
g,+0F>0 for R<0. In other words, the real part of o, is positive if the
system is heated from above, or, the system can become unstable, only
when it is heated from below.

P
—Wleﬂ d

de,
d¢

2 o1

APPENDIX C

In this appendix we give expressions for the quantities o,,, 7,,, and
R, that are used in the parabolic approximation (5.1). ¢, and g, are
defined to be the solutions of the characteristic equations F*(c;a, R)=0
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and F%o;a, R)=0, respectively, for R=0. To compute ¢, and o,
observe first that the three roots of (4.14) in the right half of the complex
plane are g,(c)=ia, q,(c)=(c—a*)"* and g¢;(¢)=(Po—a?)"* Since
0,=0 and Q,=o¢ it follows that the characteristic functions F*(o; a, 0)
and F°(o; a, 0), respectively, factorize, e.g.,

FE(0;a,0)
q3 d1 . 92 - 41 92
=| P(P—1)o cos 2:! [qzcos > sin 3 q, sin 3 cos 2}
=Fi(o; a) FY(o; a) (C1)

Setting F%(0; a) and FY(o; a) equal to zero yields g,;=nn (n=1, 2, 3,..).
This leads to the eigenvalues

JnH(a)z—}a (@* 4+ n’n?) n=1,2,3,.) (C2)

Setting FZ(s; a) and F%o; a) equal to zero yields ¢g,,=6, (n=1,2,3,..)
where b, is the nth positive solution of

b
btan§+atanh9=0 (n=1,3,.)

2
(C3)
boot2—acothi=0 (n=2.4.)
3 5= =2,4,..
The corresponding eigenvalues are
o,(a)=a’+ b? (n,1,2,3,..) (C4)

Looking at the normalized eigenfunctions (4.10) in the limit d7/dz — 0 it is
easy to identify o,, and ¢, as the eigenvalues of the heat and viscous
modes, respectively, in equilibrium for stick boundary conditions.

To determine R,(a) exactly one can set =0 in Egs. (4.14)-(4.16)
and solve the characteristic equations F£(0;a, R)=0 and F°(0;a, R)=0
numerically for R. Alternatively one can use an approximate expression for
R,.(a) that has been derived by Chandrasekhar" using a variational
principle:

(nznz +a2)3

2.2 —1
Rnc(a)z—T—[l 16 (o) | (C3)

(n*n*+a
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where
acoshaR) 21,3,
sinh a+a
pala)= asinh? a -
asinh’a (n=2,4,.)
sinha—a

The accuracy of (C5) is around 1% or better for low # and the values of a
in the range 1< a< 10 that have been used in Fig. 1.

APPENDIX D

In the last appendix we illustrate the formal expansions (5.2) and
(5.3), which have been proven by Kato,"'® by deriving explicit expressions
for the eigenvalues ¢, and the eigenprojections %, near a branch point for
slip boundary conditions. For slip boundary conditions the eigenvalues of
(4.8) are simply®

P+1
2P

4p Ra? 12
X[LWP—U%f+#MPJ ®b

P—1
0,4 (R)= (a* + n’n?) J_r—z—P— (a* +n’n?)

while the components of the cigenvectors are

0,+({)=N,y (@’ +n’n’ —0,, )a’ +n’n®) [,({)

(D2)
Wni(C) = Nni In(é’)
where N, is a normalization constant and
cos nr { (n=1,3,5,.)
I =
A0 {sin nm (n=2,4,6,.) (D3)
Using the identity
P 2 2.2 1

Ra? (@ +mm’) (@*+n*n’—a,, Na*+n*n*—o, ) (D4)

which follows immediately from (D!), one finds from (4.9) for the nor-
malization constants
26> a*+n*n*—o,+

N2, =+ D5
"t T a4 n*n? o, —o, (D3)
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The modes (n+) and (r—) given by (D1) have a common branch
point at

(P_l)z (a2+n2n2)3

Roo= 4P a*
(D6)
G0 =Tt @ )
Inserting (D6) into (D1) we can rewrite the eigenvalues in the form
0, (R)=0,0%a;(R—R,0)"* (D7)
where
R +‘1112712)]1/2 (D8)

Equation (D7) has the form of a Puiseux series [cf. Eq. (5.2)] with coef-
ficients «; that vanish identically for j>1. This simplification does not
occur for more general boundary conditions. However, in the general case,
the eigenvalues have still the form (D7) if one is close enough to the branch
point, as has been shown by Kato.

Inserting (D7) into (D35) yields

2

P—-1 2 1 + a
2P a(R—R,0)Y  a*+nn®

Nae==% (D9)

Thus, the eigenvector given by (D2) diverges like (R— Ry)~"* as the
branch point is approached. Inserting (D2), (D7), and (D9) into (B16),
and neglecting terms of the order (R—R,)"?’, we obtain after a
straightforward calculation for the kernel P,({, (') corresponding to the

eigenprojection operator %,
Pos(( )= £(R—Ry0) 2 Nyo((, ) +3Pwo((, {) + -+ (D10)

where

| P—-1
.. P—1la*+n°n? B 2P
N"O(C’C)_TT P |

P11 (& +nn?)

x I(0) (L") (D11)

(aZ + 7’127'(2)2
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and

1
Po(C, C’)=2<

0 7
o 1) BOLE) (D12)

From the orthogonality property of the functions I,({) follows that P, is
the total eigenprojection kernel corresponding to o,4, ie., of the product
space spanned by the eigenvectors of the modes o, (R) and ¢,_(R) in the
limit R - R,,. Furthermore one verifies easily from the special form of the
matrix appearing in (D11), that the kernel N, is nilpotent. The results
(D10)Y-(D12) are an example of the more general statement cited in
part (ii) of Section 5.4.

Using (D7) and (D10) we show finally that the operator &, defined in
(B7), and the corresponding time-evolution operator %(t)=exp(— L)
(t>0) are finite if there happens to be a branch point at the value of R
considered. To this purpose we use the spectral representation of the
integral kernels L({, (') and U({, {') corresponding to & and 4, ie.,

LG ) =Y Ll £)=D Y (0,04 Py +06,,_P,i )
§ " (D13)
UG 1) =L UG ) =D Y (e P, +e P, )

If there is a branch point at R = R,,, we compute the nonanalytic part of L
and U by setting first R= R,,+ ¢, ¢ infinitesimal, using (D7) and (D10),
and taking then the limit ¢ — 0. This yields

L(ng):D'(O'nOPnO_’_zaanO)—i_ z Lm

m¥#n

U(C’ C’ ‘E) =D- (PnO_zal NHOT) e It + Z Urn

m¥#n

(D14)

The last equation implies that in a branch point there are generalized
eigenmodes that do not evolve exponentially with time t, but like te ~ ",
This behavior is similar to the aperiodic limit case of a damped harmonic
oscillator.
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